We present density functional theory investigations of the bulk properties of cerium oxides ͑CeO 2 and Ce 2 O 3 ͒ and the three low index surfaces of CeO 2 , namely, ͑100͒, ͑110͒, and ͑111͒. For the surfaces, we consider various terminations including surface defects. Using the approach of "ab initio atomistic thermodynamics," we find that the most stable surface structure considered is the stoichiometric ͑111͒ surface under "oxygen-rich" conditions, while for a more reducing environment, the same ͑111͒ surface, but with subsurface oxygen vacancies, is found to be the most stable one, and for a highly reducing environment, the ͑111͒ Ce-terminated surface becomes energetically favored. Interestingly, this latter surface exhibits a significant reconstruction in that it becomes oxygen terminated and the upper layers resemble the Ce 2 O 3 ͑0001͒ surface. This structure could represent a precursor to the phase transition of CeO 2 to Ce 2 O 3 .
I. INTRODUCTION
The study of the catalytic properties of materials plays a critical role in the development of intermediate temperature solid oxide fuel cell technologies. Cerium oxide, due to its peculiar and desirable characteristics, has been the object of intense interest for various heterogeneous catalytic reactions, including several key applications in solid oxide fuel cells. 1, 2 Because it behaves as a good ionic conductor, 3, 4 and at the same time as a good catalyst support for active metal nanoparticles, 5, 6 cerium oxide finds application both as an electrolyte and as an anode support. In anodic reactions, it plays an active part in the catalysis of the fuel cell, and thus it is crucial to investigate the chemical and physical properties of the oxide surfaces when exposed to an anodic fuel cell gas environment that can be pure fuel, in conventional cells, or can be, in a particular subclass of fuel cells, the single chamber fuel cells, a mixture of oxygen and fuel. [7] [8] [9] For this reason it is therefore important to first understand the behavior of cerium oxide surfaces under different oxidizing conditions.
It should be mentioned that the electronic structure of materials that exhibit strong electron correlation, such as cerium oxide and many rare-earth oxides, is typically poorly described by the conventional density functional theory ͑DFT͒ approach. DFT averages the exchange correlation of the electronic interaction and does not correct for the unphysical self-interaction of the electrons. For the case of CeO 2 and Ce 2 O 3 , the Ce-4f band is strongly localized, where for CeO 2 , the Ce-4f band is unoccupied, thus strong correlation effects are absent. On the other hand, for Ce 2 O 3 the Ce-4f band is occupied and thus DFT is unable to provide a correct description of its electronic structure. In the latter case, DFT predicts a metallic behavior while, experimentally, Ce 2 O 3 is known to be an antiferromagnetic semiconductor with a band gap of 2.40 eV. 10 Recent studies have obtained an improved description of the electron structure and, in particular, of the band gap using a Hubbard term U ͑Refs. 11-13͒ as a correction to the energy from DFT calculation.
In view of the importance of this class of material, both fundamentally and technologically, there has been a vast literature reported for both theoretical [14] [15] [16] [17] [18] [19] [20] [21] [22] and experimental [23] [24] [25] [26] [27] [28] [29] [30] studies on ceria and its surfaces. To date, both theoretical and experimental results obtained from these studies are still far from conclusive and are still actively debated. We first provide a brief overview of theoretical studies that have been performed for cerium oxide. For a more complete review, we refer the reader to Refs. 14 and 22 and references therein. One of the early studies of CeO 2 surfaces was performed for the ͑111͒ and ͑110͒ surfaces using simple interatomic potentials. 31 It was found that the ͑111͒ surface is more stable than the ͑110͒ surface. This empirical approach was extended to other surfaces including higher index orientations such as ͑210͒ and ͑211͒. 32 From that work, it was concluded that the ͑111͒ surface was by far the most stable, as found for most fluorite structures. Subsequently, ab initio calculations were performed using the Hartree-Fock method. 33, 34 Similarly, the ͑111͒ surface was again predicted to be the most stable one, but with this approach a slightly better agreement with experimental bulk properties such as the lattice constant, the elastic constants, and the bulk modulus was obtained. Extending that work for the bulk properties of CeO 2 , Voloshina et al. 21 combined periodic Hartree-Fock calculations with corresponding wavefunction-based correlation finite-cluster calculations, i.e., employing the so-called method of correlation increment. With this correlation approach, they were able to explicitly include correlation effects ͑which can be important for such f-systems͒ and obtained a cohesive energy in excellent agreement with the experimental value. The calculated lattice constant and bulk modulus were also very close to the experimental values.
Turning to more recent DFT calculations of the defectfree surfaces of ceria, [35] [36] [37] both the surface energies and electronic structure of the low-indexed surfaces of CeO 2 have been studied using the projector augmented-wave ͑PAW͒ method with the local density approximation ͑LDA͒ and generalized gradient approximation ͑GGA͒. The work of Skorodumova et al. 36 included results obtained with molecular dynamics simulations at 10 K. In accord, out of all three low-index surfaces, namely, ͑100͒, ͑110͒, and ͑111͒, the ͑111͒ surface was found to be the most stable, agreeing well with experiment and previous calculations. The calculated surface energies were found to be 0.062 eV Å −2 ͑LDA͒ and 0.044 eV Å −2 ͑GGA͒. 36 Using the same approach, a value of 0.039 eV Å −2 was reported in Ref. 37 using the GGA. However, at this level of theory, the reported electronic structure of these surfaces suffers from the well-known intrinsic underestimation of the band gap.
To investigate the influence of strong electron correlation effects of the Ce-4f states and to investigate the degree of the localization in substoichiometric ceria and its surfaces, there have been a number of investigation employing approaches that go beyond standard DFT-GGA ͑DFT+ U and hybrid functionals͒. [14] [15] [16] [17] [18] [19] [20] [21] [22] The most commonly employed approach is to include an empirical Hubbard U term to artificially localize the 4f electrons, 15, 17, 19 commonly termed DFT+ U. An alternative method employed is to include a controlled amount of Hartree-Fock exchange in the DFT framework, i.e., using the commonly known hybrid functionals. 16, 20, 22 These approaches collectively improved the electronic structure description for these substoichiometric oxides of cerium, even reproducing the intrinsic band gap of defect-free CeO 2 and Ce 2 O 3 . Specifically, one of the earliest studies involving the use of both DFT and DFT+ U was conducted by Jiang et al. 38 They investigated the ͑111͒, ͑110͒, ͑210͒, ͑211͒, ͑100͒, and ͑310͒ surfaces of ceria with conventional DFT͑LDA and GGA͒ and only the selected low-energy ͑111͒ surface with LDA+ U. The stability of the considered surfaces was evaluated as function of the oxygen partial pressure and temperature. Their study was confined to ideal surface terminations, without considering defect formation on those surfaces. At 300 K, the stoichiometric ͑111͒ was found to have the lowest surface free energy for a wide range of oxygen partial pressures up to 1 atm, while the Ce-terminated ͑111͒ surface becomes the most stable one only under ultrahigh vacuum conditions. For comparison, the authors chose the low-energy stoichiometric ͑111͒ surface and calculated its surface energy using LDA+ U ͑U =7 eV͒, and the result obtained ͑1.03 eV͒ was very close to that of LDA ͑1.06 eV͒. This lead the authors to claim that the calculated surface energies may not show a strong dependence on the choice of the Hubbard U term, and thus for this particular work, the authors presented only the DFT-GGA calculated surface energies as a function of the oxygen pressure and temperature.
Concurrently, the atomistic and electronic structures of clean and reduced ceria surfaces were also studied by Fabris et al. 30, 39, 40 The highlight of that work focused on and addressed the electron-localization effects responsible for the oxidation state change of cerium atoms when an oxygen vacancy is formed at the surface. The authors employed the DFT+ U method, whereby the value of U is determined from first principles, and the localized orbitals entering the Hubbard U energy functional is also determined selfconsistently. That work also shows that the electronic and structural properties of the defect-free ceria surfaces calculated by DFT+ U do not differ drastically from those calculated by conventional DFT. However, for reduced ceria surfaces ͑with oxygen vacancies͒, in order to describe more accurately the excess electrons, some kind of electron correlation treatment, such as the DFT+ U approach, was required. Oxygen vacancies were found to favor segregation to the ͑110͒ rather than to the ͑111͒ surface. However, one of the important conclusions of that work highlighted by the authors was that the relative energy of these reduced surface configurations considered in the work ͑i.e., involving both on-and subsurface vacancies͒ was highly dependent on ͑1͒ the DFT exchange-correlation functional approximation and ͑2͒ on the specific projectors used in the Hubbard U term, in the DFT+ U approach. Even without considering the Hubbard term, the relative formation energy of these vacancies is also a subtle case, whereby DFT-LDA and DFT-GGA ͑with the +U approach͒ give qualitatively different results. In particular, the former predicted that the on-surface vacancy was energetically favorable, while the latter predicted the subsurface O vacancy. Recent results have been reported by Ganduglia-Pirovano et al., 41 where it was found using DFT with the Heyd-Scuseria-Ernzerhof ͑HSE06͒ hybrid functional, as well as the DFT+ U approach, that subsurface vacancies ͑below the first layer͒ with ͑2 ϫ 2͒ periodicity are energetically more favorable by 0.45 ͑HSE06͒, 0.47 ͓PBE + U ͑Perdew-Burke-Ernzerhof functional͔͒, and 0.22 eV ͓LDA+ U͔, than on-surface oxygen vacancies. The same trend was reported by Li et al. 42 Interestingly, a recent publication 43 reports that the values of U presently used in the literature ͑U Ͼ 4 eV͒ tend to overestimate the binding energy of CO to ceria surfaces and that smaller values of U =2-3 eV seem to be more appropriate. Further, they found that the CO binding energy ͑and oxygen vacancy formation energy͒ is strongly dependent on the value of U. They also conclude that it is becoming evident that the values of U presently used in the literature and giving the correct position of the filled gap state in reduced ceria ͑U =4-5 eV͒, besides underestimating the reduction energy, can also yield a large overestimation of the CO binding energy to ceria surfaces. From the discussion presented above, it is evident that it is still nontrivial to capture a satisfactory description of the Ce-4f electrons in these oxide systems, in particular, for surface properties such as the surface free energy. 30, [38] [39] [40] Even within the DFT+ U method, it is still arguably difficult to agree on a satisfactory way of specifying the value of the Hubbard term in this approach. 15, 19 In the present paper we extend the analysis of the surface stability, using DFT-GGA, to a large number of terminations of CeO 2 both with and without surface defects. For each surface structure, we describe the atomic geometry, and for the more stable surfaces, we further analyze the electronic properties. To assess the relative stability of this large pool of surface structures, we employ the technique of ab initio atomistic thermodynamics. This approach enables us to express the surface Gibbs free energies of any considered ceria surface in an oxygen environment. The effect of temperature and pressure is then included explicitly by taking into account its dependence on the oxygen chemical potential. In this way, we can obtain, as a first step, an understanding of the relative stability of "realistic" ceria surface structures, i.e. surfaces that are likely to exist under technical catalytic conditions.
It is well known that cerium oxides crystallize in two different structures that reflect the formal oxidation state of Ce: ͑1͒ the CaF 2 -fluorite structure for CeO 2 where Ce is in the ͑IV͒ state and ͑2͒ the hexagonal structure for the sesquioxide, Ce 2 O 3 , where Ce is in the ͑III͒ state. 35, 44 As most of the interesting catalytic activities are reported for the fluorite phase, for this work, we will focus primarily on CeO 2 and only briefly on Ce 2 O 3 . As the first step, using plain DFT, we study the structural and electronic ground-state properties of both bulk CeO 2 and Ce 2 O 3 , i.e., the equilibrium lattice constant, bulk modulus, and heat of formation, and compare our results with experiment and with other available ab initio results. We then investigate various surface terminations of CeO 2 for the low-index ͑100͒, ͑110͒, and ͑111͒ surfaces as well as the study of the Ce 2 O 3 ͑0001͒ surface. These investigations include stoichiometric, as well as cerium-and oxygen-rich terminations, and structures containing surfaces defects in the first and second atomic layers. We proceed to calculate the surface Gibbs free energy as function of the oxygen chemical potential.
Having surveyed the current state-of-the-art calculations for these strongly electron correlated systems, it appears that there is still not a satisfactory approach to calculate the ground-state properties from first principles. In particular, we find that the influence of this strong electron correlation on relative energetics of ceria surfaces is still not well understood, although admittedly the electronic structure is clearly, but empirically, improved upon extending DFT to include the Hubbard U term. Hence, the focus of this work is to provide a concise and detailed study of a large base of surface structures using DFT-GGA and compare this with available calculations going beyond plain DFT calculations ͑i.e., DFT+ U, 39 hybrid functionals, 22 etc.͒ Using similar lowindex surface structures reported by Jiang et al., 38 namely, the ͑100͒, ͑110͒, and ͑111͒ surfaces, and with the inclusion of surface defects ͑detailed later in the text͒, we find a good agreement in terms of the calculated DFT surface Gibbs free energies and thus the relative stability within the range of oxygen chemical potential considered, reproducing qualitative trends within the DFT-GGA framework.
II. METHODOLOGY

A. DFT calculations: Basis set and convergence
All calculations are performed using DFT and the GGA due to Perdew et al. 45 for the exchange-correlation functional as implemented in the all-electron DMol 3 code. The DMol 3 method employs fast converging three-dimensional numerical integrations to calculate the matrix elements occurring in the Ritz variational method. The wave functions are expanded in terms of a double-numerical quality localized basis set with a real-space cutoff of 11 bohrs. Polarization functions and scalar-relativistic corrections are incorporated explicitly. More details of the DMol 3 code can be found elsewhere. 46, 47 To simulate the surfaces we use supercells containing symmetric slabs. The thickness of the slabs correspond to 15 atomic layers for the ͑111͒ surfaces, 11 atomic layers for the ͑100͒, and 13 atomic layers for the ͑110͒ surfaces. The outermost atomic layers are fully relaxed for all surfaces; in particular, six layers for the ͑111͒ and two layers for both the ͑110͒ and the ͑100͒ surfaces. Various convergence tests are carried out to determine the optimal number of relaxed layers ͑see Appendix͒. A vacuum region between repeated slabs of about 30 Å is created to ensure negligible interaction between adjacent slabs.
The Brillouin-zone ͑BZ͒ integration is performed, for bulk CeO 2 , using a Monkhorst-Pack ͑MP͒ grid of 8 ϫ 8 ϫ 8, yielding 35 k-points in the irreducible part of the BZ ͑IBZ͒. For bulk Ce 2 O 3 , a 6ϫ 6 ϫ 4 k-point MP mesh was used resulting in 24 k-points in the IBZ. For the surface calculations, using ͑2 ϫ 2͒ supercells, an 8 ϫ 8 ϫ 1 k-point mesh is used, yielding 16 and 10 k-points in the irreducible part of the IBZ for the ͑110͒ and ͑111͒ surfaces, respectively. For the ͑100͒ surface we use a ͑ ͱ 2 ϫ ͱ 2͒R45°supercell with an 8 ϫ 8 ϫ 1 k-point mesh that yields ten k-points in the irreducible part of the IBZ. With this basis set, the surface energies of different structures are converged to within 2 meV/ Å 2 with respect to k-points and the real-space cutoff parameter.
III. RESULTS AND DISCUSSION
A. Ab initio atomistic thermodynamics
In order to describe the thermodynamic stability of CeO 2 surfaces in an oxygen environment, we use the DFT-derived total energies as input into an atomistic thermodynamics framework, [48] [49] [50] [51] which treats the effect of the surrounding gas phase as a corresponding reservoir in thermodynamic equilibrium with the surface. In equilibrium with such a reservoir, the most stable surface structure in the constant pressure and temperature ͑p , T͒ ensemble minimizes the surface free energy, which is defined as
͑1͒
Here G is the Gibbs free energy of the solid with the surface area A, to which in a supercell calculation with symmetric slabs ͑as used in the present work͒ both the top and bottom contribute equally ͑hence the factor of 1 / 2͒. i ͑p i , T͒ is the pressure and temperature-dependent chemical potential of the various species i present in the system, i.e., in this case i = Ce and O. N i is the total number of atoms in the component i in the system. For ambient temperatures and sufficiently large particles, bulk CeO 2 may further be assumed to be a second thermodynamic reservoir with which the surface is equilibrated. This constrains the chemical potentials of Ce and O to the Gibbs free energy of bulk CeO 2 , g CeO 2 bulk ͑where the small g denotes the Gibbs free energy per formula unit͒ and allows one to eliminate Ce from Eq. ͑1͒. The remaining quantities to be determined for the calculation of the surface free energy are then the oxygen chemical potential, as well as the difference in Gibbs free energies of the slab and bulk CeO 2 . Determination of the oxygen chemical potential O is fixed by the surrounding gas phase reservoir, which may be approximated as an ideal gas. Ideal-gas laws then relate the chemical potential to pressure and temperature, 48, 50, 52 O ͑p,T͒ = 1 2
where T and p represent the temperature and pressure and p 0 denotes atmospheric pressure. O 2 ͑T , p 0 ͒ includes contributions from rotations and vibrations of the molecule, as well as the ideal-gas entropy at 1 atm which can be calculated or taken from experimental values listed in thermodynamic tables 53 as done in the present work. k B is the Boltzmann constant and E O 2 is the total energy of the oxygen molecule. The Gibbs free energy difference between the bulk phase and the slab ͓see Eq. ͑3͔͒ has contributions from changes in the vibrational and configurational degrees of freedom at the surface, as well as from the expansion work term ͑⌬͑pV͒͒, and as the main contribution, the difference in total energies ͑⌬E tot ͒,
From dimensional analysis, the ⌬͑pV͒ term can be neglected. 48 The configurational contribution ͑⌬F conf ͒ for a system such as CeO 2 is neglected since we aim for a first comparison of the relative stability of different surface terminations. The vibrational contribution ͑⌬F vib ͒ can be estimated from first principles using the computed phonon density of states of the surface and in the bulk. However, for simplicity, we apply the Einstein approximation 54 to the phonon density of states and estimate the order of magnitude of this contribution,
where is the frequency of each vibrational mode and
͒ are the absolute vibrational contributions to the surface free energy due to a bulk and a surface atom, respectively, with X being either Ce or O. We adopt the approach used in Ref. 48 and calculate the characteristic vibrational modes of Ce ͑30 meV͒ and O ͑49 meV͒ in bulk CeO 2 , taking the average of the vibrational modes due to each Ce and O. This is done by performing a frozen-phonon calculation for each atom type in CeO 2 at the ⌫ point. Coupled modes between Ce and O are neglected. We define an upper and lower limit to the change in the vibrational contribution to the free energy by using a 50% variation of these bulk values to estimate the contribution of the surface Ce and O atoms. 55 Using Eq. ͑5͒, we plot in Fig.  1 the change in the vibrational contribution ⌬F vib to the surface free energy ͓dashed light ͑blue͒ and black lines͔. The vibrational contribution of the bulk to the total energy is shown as well ͓solid midgray ͑red͒ line͔. The figure shows that the change in the vibrational energy less than 4 meV/ Å 2 for temperatures in a range between 0 and 1000 K. These values of ⌬F vib are comparable to those reported for RuO 2 ͑Ref. 48͒ and Cu 2 O. 55 In order to cross-check this result, we also estimated the vibrational contribution to the surface free energy by using the calculated frequency spectrum ͑at the ⌫-point͒:
͒ is the vibrational free energy for a given mode at frequency i . The result is shown in Fig. 2 where it can be seen that ⌬F vib is less than 5 meV for the temperature range up to 1000 K. Thus, for this system, the vibrational contributions are negligible and are neglected in the present work.
B. Bulk cerium and the oxygen molecule
We first calculate the properties of bulk Ce and the O 2 molecule as they are required to calculate the bulk properties of CeO 2 and Ce 2 O 3 , such as the heat of formation and cohesive energy.
Bulk cerium metal forms in three crystalline structures: The ␣, ␤, and the ␥-phases. For the temperatures and pressures we consider in the present study, the ␣-phase is the stable one. 56 The calculated optimized lattice constants of ␣-Ce ͑face-centered cubic structure͒ are 4.74 Å ͑GGA͒ and 4.53 Å ͑LDA͒, while from PAW-GGA and -LDA calculations, the values are 4.73 and 4.51 Å, respectively. 22 An earlier DFT-GGA and -LDA study obtained 4.71 and 4.49 Å, respectively. 57 The experimental value is 4.83 Å. 58 We also calculate the bulk modulus to be 57.6 GPa ͑LDA͒ and 37.1 GPa ͑GGA͒. Reported values in the literature are 60.5 GPa ͑LDA͒ and 48.7 GPa ͑GGA͒, 57 and the experimental value is 29.0 GPa. 59 As can be seen, both GGA and LDA
give values of the lattice parameters smaller than the experimental value. This could, in part, be due to the inadequacies of DFT to describe the electron-correlation-driven volume changes in Ce. [60] [61] [62] The mechanism behind this complicated "volume collapse" is still very much a subject of debate. 60, 61 A detailed discussion of this anomalous phase change is beyond the scope of this work and thus, we refer readers to Ref. 61 and references therein for more details. Likewise, the poor description of the bulk modulus is a direct consequence of the above-mentioned phenomenon. Nevertheless, our calculated DFT ͑for both LDA and GGA͒ results are in very good agreement with other reported theoretical values as cited above. Spin unrestricted DFT-GGA calculations using nonspherical densities are performed to study the oxygen atom and molecule. The real-space cutoff for the calculation of both the oxygen atom and molecule is 20 bohrs, using the largest basis set available in the DMol 3 code. The binding energy of O 2 is calculated to be 3.04 eV/ O atom, while the bond length and the vibrational frequency are 1.22 Å and TABLE I. Bulk properties of CeO 2 calculated using the LDA and GGA-PBE. a ͑Å͒, B 0 ͑GPa͒, E coh ͑eV͒, and ⌬H f ͑eV͒ refer to the bulk lattice constant, bulk modulus, cohesive energy, and heat of formation, respectively. The indirect O-2p -Ce-4f band gap is represented by E g in eV. Results of other first-principle calculations and experiment are listed for comparison. The full-potential augmented plane wave approach is denoted as FPLAPW. The Gaussian local-orbital method is abbreviated by GTO while PAW refers to the PAW method. The hybrid DFT functionals due to Heyd-Scuseria-Ernzerhof is referred to as DFT-HSE, ͑Ref. 66͒ and Adamo and Barone as PBE0 ͑Ref. 67͒, while the meta-GGA due to TPss Staroverov and Scuseria is referred to as TPSS ͑68͒. 65 The typical overestimation of DFT-GGA is observed in the binding energy. The calculated values presented here are indicative of well-converged DFT-GGA calculations, and since our interest lies mainly in the relative stability of various structures, this overbinding will not affect the qualitative conclusions in this paper.
C. Bulk properties of CeO 2 and Ce 2 O 3
Cerium oxide forms in a fluorite structure ͑CeO 2 ͒, in a hexagonal structure ͑Ce 2 O 3 ͒ and in a cubic structure ͑Ce 2 O 3 ͒ with space groups Fm3m, 35 P3m1, 35 and Ia3, 44 respectively. In this work, we investigate the fluorite and the hexagonal structure which are depicted in Figs. 3͑a͒ and 3͑b͒ , respectively. For CeO 2 , the Ce atom is coordinated to eight oxygen atoms, while in the Ce 2 O 3 structure, each Ce is coordinated to seven oxygen atoms. Our DFT calculations find CeO 2 is a semiconductor with indirect O-2p -Ce-4f band gaps of 1.97 eV ͑GGA͒ and 2.11 eV ͑LDA͒. Using PAWs as a basis set, Jiang et al. 38 found rather similar underestimated values of 1.72 eV ͑GGA͒ and 1.89 eV ͑LDA͒ for the O-2p -Ce-4f band gap. Upon applying an effective Hubbard potential of U = 6.3 eV for both LDA and GGA calculations, not surprisingly, the band gap was "improved" to 2.54 eV, bringing it much closer to the experimental value of 3.00 eV. 24 Similarly, using a Gaussian local orbital basis set and a small-core relativistic Ce pseudopotential, Hay et al. 20 reported a LDA band gap of 1.6 eV and the corresponding GGA value of 1.7 eV. The authors further tested the next "rank" of functionals-the meta-GGA, namely, the "Tao-PerdewStaroverov-Scuseria" ͑TPSS͒ functional, 68 only to find that the band gap was increased by a mere 0.1 eV as compared to their GGA value. However, using the HSE hybrid DFT functional, the authors obtained a much better agreement with experiment, overestimating the experimental band gap 24 ͑3.0 eV͒ slightly by 0.3 eV. 20 This was further confirmed by the work of Da Silva et al. 22 where the PAW formalism was employed with the different ranks of functionals, namely, the LDA and GGA͑PBE͒, DFT+ U, and hybrid DFT functionals of HSE and PBE0. 67 Our calculated indirect O-2p -Ce-4f
band gap is very much in accord with other reported DFT values, with the LDA value consistently larger than the corresponding GGA value. Our slightly larger values could be due to an all-electron description ͑i.e., without the use of pseudopotentials or the frozen core approximation͒. A summary of the bulk properties of CeO 2 is listed in Table I .
Experimentally, the sesquioxide of cerium, Ce 2 O 3 , is known to be a semiconductor with a band gap of 2.40 eV. 69 However, it is well established that unless proper cancellation of the Coulomb self-interaction in the density functionals is taken into account, conventional DFT calculations will fail to capture the insulating nature of these so-called MottHubbard insulators, resulting a metallic character ͑for Ce 2 O 3 ͒. As a consequence, the magnetic behavior is also wrongly described. To overcome this, it is usual to employ some form of approaches that goes beyond standard DFT-GGA. [11] [12] [13] 22, 39 Using the hybrid DFT approach, e.g., outlined in Refs. 20 and 22, it is shown to improve the description of such class of materials, however, the associated computational cost is still rather daunting. In this work we report the properties of bulk Ce 2 O 3 within the conventional DFT framework ͑see Table II for more details͒. We have not corrected for the self-interaction error in our work as our primary objective is to focus on the relative thermodynamic stability of CeO 2 surfaces, argued on the grounds of energetics ͑at least for a qualitative trend͒. Furthermore, current methods, such as the DFT+ U method, are somewhat controversial. Hence, we have chosen a more transparent ͑yet tractable͒ approach of conventional DFT to offer a first understanding of ceria surfaces.
Our results for bulk Ce 2 O 3 are consistent with other reported DFT values: We find that it is a metal, where the lattice constants a are 3.86 Å ͑c / a = 1.56͒ and 3.77 Å ͑c / a = 1.56͒ for the GGA and LDA, respectively. Da Silva et al. 22 reported the corresponding values of 3.83 Å ͑c / a = 1.59͒ and 3.77 Å ͑c / a = 1.56͒ for the GGA and LDA, respectively. The authors of Ref. 22 found that using hybrid DFT and LDA+ U gives comparable lattice constants to the DFT-derived values, while GGA+ U worsens the lattice parameters, giving too large a and c values. Our calculated DFT-GGA ͑LDA͒ heat of formation per formula unit ͓−15.95 eV ͑−17.26͔͒ is found to be smaller than both re- 
D. CeO 2 low-index ideal bulk surface terminations
We now consider the properties of the low-index surfaces, ͑100͒, ͑110͒, and ͑111͒ of CeO 2 Table III shows the first interlayer distances for the various surfaces and the corresponding percentage relaxation with respect to the interlayer spacing of the bulk, i.e., it is calculated as d = ͑d ij − d 0 ͒ / d ij ϫ 100%, where d ij is the interlayer spacing between the ith and jth atomic layers ͓for the ͑110͒ and the ͑100͒ surfaces͔ and d 0 is the bulk interlayer spacing. For the ͑111͒ surfaces, d ij is defined as the distance between the last layer of the first trilayer and the first layer of the second trilayer. Interlayer relaxation between the second and third layers is found to be negligible ͑d 23 ഛ 1%͒.
The local atomic structures are also depicted in Figs. 6 and 7 for the CeO 2 ͑111͒ surfaces, and in Fig. 8 atoms, become the uppermost surface atoms ͓see Fig. 7͑a͔͒ . Interestingly, at a first glance, the cross section of the first two atomic layers of the Å. This is indicative that the CeO 2 ͑111͒ : Ce structure could be a precursor to the initial stages of a phase transformation to Ce 2 O 3 ͑0001͒. Below we will investigate the relative stability of this structure and the gaseous environmental conditions under which it may be realized.
The CeO 2 ͑110͒ surface exhibits only a small contraction compared to the bulk value ͑ϳ0.7% ͒ of the first interlayer spacing. The Ce-O bond distance at the surface is 
E. CeO 2 low-index terminations with surface defects
In addition to the ͑initially͒ ideally bulk terminated surfaces, we consider various structures containing defects, created by removing from ͑or adding to͒ the ideal terminated structures, single oxygen, or cerium atoms. For the CeO 2 ͑100͒ :O+V Ce surface there is a huge displacement of the uppermost oxygen atoms where they form a square planar cluster over surface Ce atoms ͓see Figs. 11͑a͒ and 11͑b͔͒. The nearest-neighbor O-O distance in the cluster is 1.53 Å and the distance of the O atoms to the Ce atoms below is 3.09 Å ͓see Fig. 11͑c͔͒ , which is ϳ25% larger than the bulk value.
Oxygen clustering occurs for the CeO 2 ͑111͒ : O system when a Ce vacancy is created ͓i.e., CeO 2 ͑111͒ :O+V Ce ͔. For the stoichiometric CeO 2 ͑111͒ surface we also considered a subsurface O atom in an interstitial site ͓Fig. 14͑a͔͒. Upon relaxing the structure, there is an outward displacement of the outermost surface oxygen atom ͑O t ͒ directly above the interstitial oxygen atom ͑O i ͒, resulting in the formation of a bond between these two oxygen atoms with a bond length of 1.44 Å ͑compared to 1. ecule͒, and a consequent increase in the Ce-O bond length, between O t and the cerium atom at the surface, of ϳ10% compared to the bulk value ͓see Fig. 14͑c͔͒ . On increasing the number of interstitial oxygen atoms ͑by adding a second O atom in the surface unit cell͒, the resulting geometry is similar to the one previously described; bond distances and angles change by less than 1% ͑Table IV͒. The surface energy with this higher concentration of interstitial O atoms is less favorable ͑by 0.02 eV/ Å 2 ͒, indicating a repulsive interaction between these interstitial O atoms.
F. Energetics and thermodynamics
We now proceed to analyze the stability of these different oxide surfaces when in contact with an oxygen environment, characterized by a given O chemical potential. We first plot the surface Gibbs free energy ͓cf. Eq. ͑1͔͒ as a function of the oxygen chemical potential O . We correlate O with oxygen pressure for different temperatures ͓cf. Eq. ͑2͔͒. The oxygen chemical potential O ͑p , T͒ can, experimentally ͑and assuming that thermodynamic equilibrium applies͒, only be varied within certain boundaries. The lower boundary, which will be called the O-lean limit, is defined such that the decomposition of the oxide into cerium metal and molecular oxygen becomes energetically favorable. An appropriate upper boundary for O , on the other hand ͑the O-rich limit͒, is given by gas phase conditions that are so rich in oxygen that oxygen condensation will start on the surface at low enough temperatures. Reasonable and well-defined estimates for these limits 48 are given by 
where the O chemical potential is referenced with respect to half the total energy of an oxygen molecule,
, and ⌬H f ͑p =0,T =0 K͒ is the low temperature limit of the heat of formation of CeO 2 . We calculate ⌬H f ͑p =0,T =0 K͒ = −10.03 eV, thus, 1 / 2⌬H f = −5.01 eV. In Figs.  15 and 16 , which show the surface free energy for the surface structures described above, the value of 1 / 2⌬H f is indicated by the line "A" ͑vertical black dashed line͒ ͑Table V͒. It can be seen clearly that the most stable surface for a wide range of the oxygen chemical potential ͑from −3.4 to 0 eV͒ is the stoichiometric CeO 2 ͑111͒ surface. For higher values of ⌬ O , we can also consider the CeO 2 ͑111͒ +O i configuration to be a surface of interest, in view of the fact that ceria is well known for its high oxygen storage capacity. For the range of oxygen chemical potential, −4 eVഛ⌬ O ഛ −3.4 eV, the most stable structure considered is the CeO 2 ͑111͒ surface with an oxygen vacancy, CeO 2 ͑111͒ + V O , while for ⌬ O ഛ −4 eV, the CeO 2 ͑111͒ :Ce surface has the lowest energy. A similar trend for the relative stability of ceria surfaces was reported by Jiang et al. in a recent DFT-PBE study using the PAW method. 38 In particular, they found that for CeO 2 surfaces, the relative order of stability is as follows:
From their calculations, at T = 300 K, the stoichiometric ͑111͒ surface has the lowest surface energy over almost the entire range of pressures up to 1 atm. With decreasing partial pressures ͑or for lower ⌬ O ͒, the Ce-terminated ͑111͒ surface becomes more favorable. We note that it is not clear if the Ce-terminated ͑111͒ surface depicted in Ref. 38 has the same atomic structure as ours; however, it is evident that with decreasing ⌬ O , Ce-rich surfaces appear more stable than the stoichiometric ͑111͒ surface. It should also be noted that the study by Jiang et al. only investigated surfaces with ideal terminations, i.e., without the inclusion of defects. Hence, the low-energy CeO 2 ͑111͒ + V O structure was not captured in their work for −4 eVഛ⌬ O ഛ −3.4 eV, and such surfaces with oxygen vacancies could well be catalytically relevant structures. 30, 72 We note that we also considered a subsurface O vacancy at the CeO 2 ͑111͒ surface which we find lower in energy than the on-surface vacancy ͑in agreement with other groups͒ by 4 meV Å 2 , which corresponds to a 0.30 eV lower vacancy formation energy. The values of the O-vacancy formation energies for the surface and subsurface vacancies that we obtain are 3.03 and 2.73 eV, respectively. This is similar to those obtained in Ref. 37 where a value of 3.39 eV was reported for the surface O vacancy, and the subsurface vacancy was 0.18 eV lower. We note that the study used a smaller surface unit cell of ͑ ͱ 3 ϫ 2͒ rectangular in which there are stronger repulsive interactions between the vacancies. In particular, Ref. 37 found using a smaller ͑ ͱ 3 ϫ 1͒ rectangular surface unit cell the value is 3.98 eV.
Thus, for a larger ͑2 ϫ 2͒ cell as used in our work, the formation energy could be expected to be somewhat less than 3.39 eV. We note also that the surface energy for the clean stoichiometric In the Appendix we plot these results as surface energies as a function of the oxygen chemical potential.
As mentioned in Sec. III D, the distinct structural resemblance seen for the top layers of the Ce-rich ͑111͒ surface, i.e., CeO 2 ͑111͒ : Ce and Ce 2 O 3 ͑0001͒ could be indicative of a possible surface phase transition taking place. It can be seen from Fig. 16 that this CeO 2 ͑111͒ : Ce surface becomes more favorable than the stoichiometric ͑111͒ surface under strongly reducing conditions ͑⌬ O ഛ −4 eV͒. In fact, the Ce 2 O 3 ͑0001͒ / CeO 2 ͑111͒ interface was first investigated theoretically using DFT-LDA by Yamamoto et al. 44 in an attempt to understand the dielectric properties of this class of material. The authors, however, did not report the energetics of this Ce 2 O 3 ͑0001͒ / CeO 2 ͑111͒ interface. Thus, our study represents a first investigation of the energetics associated with the initial stages of CeO 2 reduction to Ce 2 O 3 via the ͑111͒ surface. Admittedly, we are aware that perhaps our current study could well be impeded by the fact that the electronic structure of Ce 2 O 3 is poorly described by conventional DFT. However, concerning the fair agreement of the atomic geometry and energetics of this sesquioxide of cerium between DFT, calculations going beyond plain DFT and experiment, we propose that DFT should be able to provide ͑at least͒ a qualitative understanding of the energetics of this surface transition. Da Silva et al. 22 calculated the heat of reduction for bulk CeO 2 to bulk Ce 2 O 3 , ⌬H 2CeO 2 → ⌬H Ce 2 O 3 , using difference approaches, namely, DFT, DFT+ U, and hybrid DFT. The value they obtain from DFT-GGA ͑PBE͒ is −4.18 eV. Our calculated value is −4.11 eV and experimentally reported values are −4.03 ͑Ref. 73͒ and −3.57 eV. 74 It is proposed that DFT systematically underestimates the bulk formation energies, and consequently overestimates the heat of reduction, as is also found for a large class of other oxides. 75 In passing, we note that the authors of Ref. 22 found that using the hybrid DFT functionals ͑which are proposed to improve the exchange-correlation treatment for correlated systems͒ did not improve the description of the heat of reduction significantly. By simply considering the bulk-phase reduction energy, it could be indicative that a phase transition indeed takes place at very low oxygen chemical potentials ͑⌬ O ഛ −4.11 eV͒, i.e., under highly reducing conditions. This is illustrated in Fig. 17 in which the stability of bulk 
G. Crystal morphology: Dependence on oxygen environment
Having obtained the surface Gibbs free energies ͑as a function of the chemical potential of oxygen͒ of different low-index surface structures, we can then utilize these energies to predict the morphology of CeO 2 nanoparticles using the Gibbs-Wulff theorem of equilibrium crystal shape ͑ECS͒. 76, 77 As we are only using the surface energies of lowindex surfaces, we are essentially predicting a "constrained" ECS, confined by these low-index surfaces. In fact, it has been shown from experiments [78] [79] [80] that the as-synthesized crystals are typically terminated by low-index surfaces, thus higher-index surfaces may not have a strong influence on the nanoparticle shape.
Briefly, the Gibbs-Wulff theorem 76,77 provides a simple mathematical construction that predicts the ECS of crystals or nanoparticles, whereby the total free energy of the crystal is at a minimum at a constant volume. The predicted ECS is then termed as a Wulff construction. The mathematical expression for this energy-shape relation is as follows:
where r͑d͒ represents the radius of the crystal shape in the direction of the vector, d, and ␣ is the proportionality constant. The directional vector d defines the normal vector to a particular crystal surface ͑hkl͒. At a distance from the origin numerically equal to the surface free energy, ␥͑⌬ O ͒, of that surface, a normal plane is established. Consequently, one returns to the origin and reiterates this process for all other crystallographic directions. In this way, the smallest volume enveloping the origin inside all these planes can then be taken, in a geometrical sense, as the minimum-energy morphology for a particular crystal. Since the surface free energy can also be expressed as a function of the chemical potential of oxygen ͑⌬ O ͒, this allows a rather straightforward extension of the Wulff construction to include a chemical potential dependence. Using this approach, the predicted crystal morphology of CeO 2 under oxygen-lean ͓Fig. 18͑b͔͒ and oxygen-rich ͓Fig. 18͑c͔͒ conditions for ⌬ O = −5.02 and 0 eV, respectively is predicted. The exposed facets are labeled accordingly, namely, the ͑100͒ and ͑111͒ facets under oxygen-lean conditions and the strong dominance of the ͑111͒ facet under oxygen-rich conditions. In particular, under oxygen-lean conditions, we find that the morphology of the CeO 2 crystal is described as a truncated octahedron, dominated by the ͑111͒ facet at the faces of the octahedron with the minority ͑100͒ facet terminating the apices of the octahedron. This can be inferred from the relative stability of the surface energies of the ͑111͒ and ͑100͒ surface terminations, namely, that of CeO 2 ͑111͒ + V O and CeO 2 ͑111͒ : Ce, respectively, from Fig.  18͑a͒ . We note, however, that we have considered the lowenergy ͑111͒ surface to be CeO 2 ͑111͒ + V O rather than the CeO 2 ͑111͒ : Ce as the latter surface structure has a negative surface energy ͑as discussed above͒ which is not defined in the Wulff theorem.
Upon moving to higher values of the oxygen chemical potential, the morphology changes slightly to an octahedron shape only exposing only the ͑111͒ facet at the eight faces. This is, again, clearly reflected in the relative stability of surface energies in Fig. 18͑a͒ , particularly from ⌬ O = −3.4 to 0 eV. For these range of ⌬ O , the low-energy ͑100͒, ͑110͒, and ͑111͒ facets are CeO 2 ͑100͒ + V Ce , CeO 2 ͑110͒, and CeO 2 ͑111͒, respectively, with the stoichiometric CeO 2 ͑111͒ having the lowest surface energy.
Our predictions are in very good agreement with experimental observations. [78] [79] [80] Recently, the morphology of twodimensional nanostructures of CeO 2 was examined using a dynamic scanning force microscope and it was found that the surface shows hexagonal islands, exposing the ͑111͒ surface on the flat terrace with the ͑100͒ and ͑110͒ surfaces as step edges. 78 The authors conclude that under conditions of thermal equilibrium, triangular islands are to be expected ͓i.e., exposing only the ͑111͒ surface͔, hence suggesting that these observed higher energy step edges are formed mainly due to kinetic hindrances. For three-dimensional structures, Yan et al. 79 synthesized single-nanocrystalline CeO 2 structures using a hydrothermal synthesis process, and by tuning the treatment time, they find the morphology can be controlled and tuned, ranging from nano-octahedrons to nanorods. Also, using a different technique of combustion chemical vapor condensation, Barnard et al. 80 find nanosized CeO 2 particles ͑from 4 to 6 nm in size͒ exhibit distinct extended ͑111͒ facets with small ͑approximately four atomic column wide͒ ͑100͒ facet at the apices, i.e., yielding some sort of truncated octahedron. Admittedly, these experimental conditions may not directly correspond to the simple oxygen pressuretemperature relation we refer to in Fig. 18͑a͒ , e.g., conditions may differ in the presence of surfactants and solvents. However, collectively, these results seem to suggest that the predominant morphology of CeO 2 crystals is, at least, qualitatively captured by our predicted Wulff construction.
IV. SUMMARY AND CONCLUSION
We performed DFT calculations for the low-index surfaces of cerium oxide, CeO 2 , for various terminations and surface defects. The surface free energies were calculated as a function of the oxygen chemical potential, from which we found that the most stable surfaces for decreasing values of the chemical potential ͑i.e., for increasingly oxygen-lean conditions͒ are the stoichiometric CeO 2 ͑111͒ surface, the CeO 2 ͑111͒ surface with subsurface oxygen vacancies, and the CeO 2 ͑111͒ : Ce terminated surface. We also find that the CeO 2 ͑111͒ surface with an interstitial oxygen has a rather low surface free energy under highly oxidizing conditions. Using DFT-GGA, CeO 2 ͑111͒ is found to be semiconducting, similar to the bulk material, while the same surface with a surface oxygen vacancy is found to be metallic. This metallic behavior is also found for the Ce terminated CeO 2 ͑111͒ structure and the Ce 2 O 3 ͑0001͒ surface. This could well be an artifact of DFT-GGA not being able to correct for the unphysical self-interaction of the electrons. Interestingly, from an analysis of the energetics, and the atomic and electronic structure, our results show an indication of a morphological reconstruction of the CeO 2 ͑111͒ : Ce surface into a Ce 2 O 3 ͑0001͒-like surface, which could occur for highly reducing conditions and possibly represent the initial stages of a phase transformation from CeO 2 to Ce 2 O 3 .
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APPENDIX: CONVERGENCE TESTS
For bulk CeO 2 we performed convergence tests for the real-space cutoff ͑R-cut͒ and the k-point set as shown in Fig.  19 . It can be seen from Fig. 19͑a͒ that convergence to within ഛ0.05 meV is obtained for a k-point sampling in the BZ of 8 ϫ 8 ϫ 8 ͑yielding 35 k-points in the IBZ͒ compared to the 12ϫ 12ϫ 12 k-point set. With regard to the cutoff radius of 11 bohrs, employed in all our calculations, Fig. 19͑b͒ shows that compared to an R-cut of 12 bohrs, the total energy is converged to ഛ1 meV.
To test the convergence of our calculations with respect to slab thickness, we use supercells containing symmetric slabs of various thicknesses. In particular, for the ͑111͒, ͑110͒, and ͑100͒ surfaces we use 15, 11, and 13 atomic layers, respectively. Then, by adding one layer to each of these surfaces, we found that the corresponding surface energies change by ഛ2 meV/ Å 2 . We also carried out various convergence tests to determine the optimal number of atomic layers to relax for each low-index surface. In particular, Fig. 20 shows the results for the relaxation of the outermost atomic layers for the stoichiometric CeO 2 ͑111͒, CeO 2 ͑110͒, and CeO 2 ͑100͒ : O surfaces. The optimal value found for the number of layers to relax is two trilayers, three atomic layers, and two atomic layers for the ͑111͒, ͑110͒, and ͑100͒ surfaces, respectively, which ensure an error in the surface energies of ഛ1 meV/ Å 2 .
FIG . 19 . Change in the total energy vs ͑a͒ increasing k-point mesh and ͑b͒ cutoff radius for bulk CeO 2 .
In Fig. 21 we plot the surface free energy of the stoichiometric CeO 2 ͑111͒ surface and that of the surface with surface and subsurface vacancies, as obtained in the present work, in comparison with the recent results of Ref. 41 , which highlight the consistency of our results with the DFT+ U and HF approaches. 
